Fixed points for nilpotent actions on the plane and the
  Cartwright-Littlewood theorem by Firmo, S. et al.
FIXED POINTS FOR NILPOTENT ACTIONS ON THE PLANE
AND THE CARTWRIGHT - LITTLEWOOD THEOREM
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ABSTRACT. The goal of this paper is proving the existence and then localizing global
fixed points for nilpotent groups generated by homeomorphisms of the plane satisfying a
certain Lipschitz condition. The condition is inspired in a classical result of Bonatti for
commuting diffeomorphisms of the 2-sphere and in particular it is satisfied by diffeomor-
phisms, not necessarily of class C1, whose linear part at every point is uniformly close to
the identity. In this same setting we prove a version of the Cartwright-Littlewood theorem,
obtaining fixed points in any continuum preserved by a nilpotent action.
1. INTRODUCTION
In 1989 Bonatti proved that two commuting diffeomorphisms of the sphere S2 have
a common fixed point if they are C1-close to the identity [1]. The result still holds true
if the diffeomorphisms are only C0-close to the identity [16, Handel, 1992]. The case
of commuting diffeomorphisms can be reinterpreted as the study of a Z2-action. In this
context Druck-Fang-Firmo (cf. [7, 2002]) generalized Bonatti’s theorem for nilpotent
actions on the sphere.
Let us consider the plane, i.e. the other example of simply connected surface. There
are orientation-preserving homeomorphisms f of the plane that have no fixed points, but
Brouwer’s translation theorem [2, 1912] implies limn→∞ ‖fn(z)‖ = ∞ for any z ∈ R2.
In particular an orientation-preserving homeomorphism of the plane that preserves a non-
empty compact set has a fixed point. In the same spirit the proof of a theorem of Lima [18,
1964], that provides common singular points for finite dimensional abelian Lie algebras
of vector fields in S2, can be adapted naturally to show that if a topological action of
the additive group Rn on R2 preserves a non-empty compact set then it has a global
fixed point, i.e. a common fixed point for all homeomorphisms in the action. Moreover,
Lima’s original theorem was generalized by Plante [23, 1986]: Every topological action
of a connected finite dimensional nilpotent Lie group on S2 has a global fixed point.
Franks-Handel-Parwani [11, 2007] extend Brouwer’s property in the setting of discrete
abelian groups. More precisely, they show that a finitely generated abelian subgroup G
of Diff1+(R2) (orientable C1-diffeomorphisms) preserving a non-empty compact set has
a global fixed point. Such result is a fundamental ingredient in their characterization of
abelian groups of diffeomorphisms of S2 having a global fixed point. The first author
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localized the fixed point if the group is generated by C1-close to the identity diffeomor-
phisms [9, 2011]. Indeed there exists a fixed point in the convex hull of the closure of
every bounded G-orbit.
Theorem. Let G be an abelian group generated by elements of{
f ∈ Diff1(R2) ; ‖f(x)− x‖ , ‖Df(x)− Id‖ <  in R2}.
Suppose that there exists a point p ∈ R2 whose G-orbit is bounded. Then there exists
q ∈ Fix(G) ∩ Conv(Op(G)) , when  > 0 is small enough.
We denote by Op(G) the orbit of the point p by the group G. We denote by Int(A),
A and Conv(A) the interior, the closure and the convex hull respectively of a subset A
of R2. The notation Fix(G) stands for the set of common fixed points of all elements of
G. The norm ‖ · ‖ defined in R2 is the norm associated to the canonical inner product.
The goal of this paper is providing a generalization of the previous theorem for nilpotent
actions under weaker hypotheses on the generators of G. More precisely, the generators
of G are not required to be C1-diffeomorphisms but just homeomorphisms satisfying
a certain Lipschitz condition. The Lipschitz condition guarantees the existence of fixed
points in the convex hull of the closure of every bounded G-orbit. The next result is the
main theorem of the paper :
Theorem 1.1. For any σ ∈ Z+ there exists δσ ∈ R+ such that : If G is a σ-step nilpotent
group generated by a family of δσ-Lipschitz with respect to the identity homeomorphisms
of the plane and there exists p ∈ R2 whose G-orbit is bounded then there exists q ∈
Fix(G) that belongs either to Op(G) or to Int
(
Conv(Op(G))
)
.
Given a group G, we define inductively
G(0) := G and G(i+1) := [G ,G(i) ]
where [G ,G(i) ] is the subgroup of G generated by the commutators of the form [ a , b ] :=
aba−1b−1 with a ∈ G , b ∈ G(i) and i ≥ 0 . The groups (G(j))j≥0 are the elements of
the lower central series of G. They are characteristic subgroups of G and in particular
normal. If G(σ) is the trivial group for some σ ∈ Z≥0 , we say that G is a nilpotent
group. The smallest σ ∈ Z≥0 such that G(σ) = {Id} is the nilpotency class of G ; we
say that G is a σ-step nilpotent group. Clearly a non-trivial group G is 1-step nilpotent
if and only if it is abelian.
A map g : R2 → R2 is k-Lipschitz if ‖g(p) − g(q)‖ ≤ k ‖p − q‖ in R2. The map
g is Lipschitz if it is k-Lipschitz for some k ≥ 0. In such a case we denote by Lip(g)
the smallest k ≥ 0 such that g is k-Lipschitz. We say that f : R2 → R2 is k-Lipschitz
with respect to the identity if f − Id is k-Lipschitz. This property is satisfied by any
differentiable map f : R2 → R2, not necessarily of class C1, with ||Df(x)− Id|| ≤ k in
R2.
The maps f : R2 → R2 such that Lip(f − Id) < 1 are orientation-preserving homeo-
morphisms of the plane (Lemma 3.3) that are isotopic to the identity by the barycentric iso-
topy Ft(x) := tf(x)+(1−t)x (Corollary 3.4). Notice that {Ft}t∈[0,1] is an isotopy issued
from the identity relative to Fix(f). This reminds the techniques used by Franks-Handel-
Parwani [11, 12] to find global fixed points of abelian actions by C1-diffeomorphisms on
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surfaces. Indeed a C1 orientation-preserving diffeomorphism f satisfies that f is iso-
topic to the identity relative to Fix(f) in some neighborhood of the accumulation points
of Fix(f) [12, Lemma 3.8]. This property is crucial to obtain a well-behaved Thurston
decomposition of the elements of the abelian group. The C1 condition can be interpreted
as a local uniformity property. In our context the Lipschitz condition plays an analogous
role, but in contrast, our uniform condition is of global nature.
Returning to the Brouwer hypothesis, Cartwright-Littlewood proved that an orientation-
preserving homeomorphism of the plane possessing an invariant full continuum C has a
fixed point in C [4, 1951]. A continuum is by definition a non-empty connected compact
subset C of R2. It is a full continuum if additionally it satisfies that R2−C is connected.
It is G-invariant if g(C) = C for any g ∈ G. Three years later Hamilton (cf. [15])
publishes a short proof of this result. Brown (cf. [3, 1977]) gives a short short proof
of Cartwright-Littlewood theorem, showing that it is a simple consequence of Brouwer’s
theorem.
There exists another short proof of Cartwright-Littlewood theorem that has been in gen-
eral omitted from the references in the literature. As Guillou (cf. [14, 2012]) explains
in a recent paper in his Historical remark 1.4 : . . . four years later, in the same Annals,
Reifenberg [22] explained a short elementary proof due to Brouwer of the same result .
Our proof of Cartwright-Littlewood’s theorem, in the -Lipschitz with respect to the
identity context, is inspired by Brown’s idea: existence of fixed points implies localization
in an invariant full continuum. The proof also reminds Reifenberg’s arguments since it
relies on calculating some winding numbers associated to certain closed curves.
Theorem 1.2. Let G be a σ-step nilpotent group generated by a family of δσ-Lipschitz
with respect to the identity homeomorphisms of the plane, where δσ is provided in Theo-
rem 1.1. If C is a G-invariant full continuum then there exists a global fixed point of G in
C.
In 2009, Shi-Sun proved [25] that every topological action of a nilpotent group on a
uniquely arcwise connected continuum has a global fixed point. By definition a uniquely
arcwise connected continuum is a non-empty, compact, connected, metrizable space X
such that any pair of points is connected by a unique path in X .
Recently, after the completion of this work, the second author proved a version of
Franks-Handel-Parwani’s theorem for nilpotent subgroups of Diff1+(R2) and Diff
1
+(S2)
(cf. [24, 2012]).
Acknowledgments . It is with great pleasure that we thank Mário Jorge Dias Carneiro for
suggesting us to replace the condition of derivative close to the identity in the first version
by the actual Lipschitz condition.
2. OUTLINE OF THE PROOF OF THEOREM 1.1
Let G be a σ-step nilpotent group generated by a family S of δσ-Lipschitz with respect
to the identity homeomorphisms of the plane. Let p ∈ R2 be a point whose G-orbit is a
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bounded set. The constant δσ that only depends on the nilpotency class σ will be deter-
mined by a series of technical lemmas in section 3 and appendix A about the properties of
homeomorphisms Lipschitz with respect to the identity map.
Our goal is proving Theorem 5.9 that is equivalent to Theorem 1.1. Suppose for sim-
plicity that S = {f1, . . . , fn} is a finite family. Roughly speaking, the starting point
in order to prove Theorem 5.9 is considering that there exists p ∈ Fix(G(1)) whose G-
orbit is bounded. Such a hypothesis guarantees that the action of G on Op(G) is by
pairwise commuting homeomorphisms. Then we find a point q1 ∈ Fix(G(1), f1) such
that Oq1(G) ⊂ Conv(Op(G)) (Lemma 5.5 and Proposition 5.7). Analogously we ob-
tain a sequence of points q0 = p , qj ∈ Fix(G(1), f1, . . . , fj) for 1 ≤ j ≤ n such
that Oqj+1(G) ⊂ Conv(Oqj(G)) for any 0 ≤ j < n. We can fine-tune the method to
show that either Oqj+1(G) ⊂ Oqj(G) or Conv(Oqj+1(G)) ⊂ Int(Conv(Oqj(G))) for any
0 ≤ j < n. In particular qn is a global fixed point of G that belongs to Op(G) or to
Int(Conv(Op(G))). Let us remark that some of the intermediate results in the proof of
Theorem 5.9 are generalizations to the Lipschitz setting of results in [1, 7, 9] .
Given a group G and a subset S of G we define 〈S〉 as the subgroup of G generated
by S. We use in the proof that the class of fj+1 in G/〈G(1), f1, . . . , fj〉 belongs to
the center. Indeed we can replace the roles of 〈G(1), f1, . . . , fj〉 and fj+1 by a normal
subgroup H and an element f whose class in G/H belongs to the center of G/H ,
denoted by Z(G/H). More precisely, given q ∈ Fix(H) whose G-orbit is bounded there
exists q′ ∈ Fix(H, f) such that Oq′(G) ⊂ Conv(Oq(G)) (Proposition 5.7). Theorem 5.9
is a consequence of the fact that any finitely generated nilpotent group is a tower of cyclic
central extensions.
3. PROPERTIES OF THE -LIPSCHITZ WITH RESPECT TO THE IDENTITY
HOMEOMORPHISMS
In this section we exhibit some properties of the maps f : R2 → R2 that are -Lipschitz
with respect to the identity. If 0 <  < 1 then f is a homeomorphism that is isotopic to
the identity by the barycentric isotopy. Moreover the image of a line segment [ p , q ] by f
is contained in the closed ball of center f(p) and radius ‖f(p)−f(q)‖ if  < 1/(1+√3).
In order to show that Lip(f − Id) < 1 implies that f−1 is well-defined and continuous
we use the following lemma (cf. [26, p. 49]).
Lemma 3.1. Let h , f : X → F be continuous maps where F is a Banach space and X is
a metric space. Suppose that h is injective, h−1 is Lipschitz and f satisfies Lip(f−h) <[
Lip(h−1)
]−1. Then f is an injective map such that
Lip(f−1) ≤ Lip(h
−1)
1− Lip(f − h) · Lip(h−1) .
As a straightforward corollary we obtain the next result.
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Corollary 3.2. Let f : R2 → R2 be a map such that Lip(f − Id) < 1. Then f is
injective and
Lip(f−1) ≤ 1
1− Lip(f − Id) .
Lemma 3.3. If f : R2 → R2 satisfies Lip(f − Id) < 1 , then f is a homeomorphism.
Proof. The map f is injective by Corollary 3.2. Thus the invariance of domain theorem
implies that f(R2) is an open set and that f is a homeomorphism onto its image.
Consider a sequence (xn)n≥1 in R2 such that f(xn)→ p . The Lipschitz condition on
f implies ∥∥(f(xn)− xn)− (f(xm)− xm)∥∥ ≤ Lip(f − Id) ‖xn − xm‖
and then ∥∥f(xn)− f(xm)∥∥ ≥ (1− Lip(f − Id)) ‖xn − xm‖ .
We deduce that (xn)n≥1 is a Cauchy sequence. The limit q of (xn)n≥1 satisfies f(q) = p
since f is continuous. Therefore f(R2) is a closed set and f : R2 → R2 is a homeomor-
phism. 
Let us consider the homotopy Ft(x) = tf(x)+(1− t)x where x ∈ R2 and t ∈ [ 0 , 1 ].
Corollary 3.4. Let f : R2 → R2 be a map such that Lip(f−Id) < 1. Then the homotopy{
Ft
}
t∈[0 ,1] is an isotopy relative to Fix(f) of homeomorphisms of the plane.
Proof. The map Ft satisfies Lip(Ft − Id) = tLip(f − Id) < 1 for any t ∈ [0, 1]. The
result is a consequence of Lemma 3.3. 
Given σ ∈ Z≥0 we define :
• 0 := 18 and σ :=
1
9× 6(σ−1)σ/2 for σ > 0 ;
• Vσ :=
{
f ∈ Homeo(R2) ; Lip(f − Id) ≤ σ
}
;
• U := {f ∈ Homeo(R2) ; Lip(f − Id) ≤ 1
8
}
.
Remark 3.5. The above definitions imply :
• U = V0 ⊃ V1 ⊃ · · · ⊃ Vσ ⊃ · · · ;
and
• f−1 ∈ U if f ∈ V1. It is a consequence of item (ii) of Lemma 3.6 below.
Lemma 3.6. Let f, g : R2 → R2 such that Lip(f − Id) ≤ a and Lip(g− Id) ≤ b. Then
we obtain :
(i) Lip(f ◦ g − Id) ≤ a+ b+ ab ;
(ii) Lip(f−1 − Id) ≤ a/(1− a) if 0 ≤ a < 1 .
Moreover if 0 ≤ a , b ≤ 1/9 we have :
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(iii) Lip([ f , g ]− Id) ≤ 6 max{a , b} ;
(iv) If σ ∈ Z+ and f1 , . . . , fσ+1 ∈ Vσ+1 then
[f1 , [f2 , . . . , [fi , fi+1] . . .]] ∈ Vσ for all i ∈ {1 , . . . , σ} .
Proof. Let us show item (i). Since
f ◦ g − Id = (f − Id) ◦ g + (g − Id) and Lip(g) ≤ Lip(g − Id) + 1
we obtain Lip(f ◦ g − Id) ≤ a(b+ 1) + b = a+ b+ ab .
Suppose that Lip(f − Id) ≤ a with 0 ≤ a < 1. The map f is a homeomorphism by
Lemma 3.3. Moreover, we obtain
Lip(f−1 − Id) = Lip((Id− f) ◦ f−1) ≤ a · Lip(f−1) ≤ a
1− a
by Corollary 3.2.
Let us show item (iii). We denote A = max{a , b}. Since
(f ◦ g − g ◦ f) = (f − Id) ◦ g − (g − Id) ◦ f + (g − Id)− (f − Id)
we obtain
Lip(f ◦ g − g ◦ f) ≤ a(b+ 1) + b(a+ 1) + a+ b = 2(ab+ a+ b)
and
Lip([f, g]− Id) = Lip[(f ◦ g − g ◦ f) ◦ f−1 ◦ g−1] ≤ 2 ab+ a+ b
(1− a)(1− b) ≤ 2A
A+ 2
(1− A)2
by Corollary 3.2. It is straightforward to check out that the right hand side of the above
inequality is less or equal than 6A if A ≤ 1/9.
Let f1 , . . . , fσ+1 ∈ Vσ+1 and 1 ≤ i ≤ σ. We apply the item (iii) to obtain
Lip([ fi , fi+1 ]− Id) ≤ 1
9× 6(σ(σ+1)/2)−1 .
Moreover, successive applications of item (iii) allow to show
Lip([f1 , [f2 , . . . , [fi , fi+1] . . .]]− Id) ≤ 1
9× 6(σ(σ+1)/2)−i ≤
1
9× 6(σ−1)σ/2 = σ
for any 1 ≤ i ≤ σ, completing the proof of item (iv). 
We denote by Cone(q , v , θ) the cone of vertex q , with axis equal to {tv ; t ∈ R≥0}
and describing an angle of 2θ radians where v ∈ S1 ⊂ R2, i.e.
Cone(q , v , θ) :=
{
q + u ; u ∈ R2 and Ang(u , v) ≤ θ}
where 0 < θ < pi/2 and Ang(u , v) is by definition the angle comprised between the
vectors u and v.
The next two lemmas are useful to control the image of segments [ p , q ] by mappings
-Lipschitz with respect to the identity.
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Lemma 3.7. Let 0 <  < 1 , v ∈ S1 and µ ∈ R+. Consider a curve γ : [ 0 , µ ] → R2
such that
∥∥(γ(t) − tv) − (γ(s) − sv)∥∥ ≤  |t − s| for all s , t ∈ [ 0 , µ ] . Then the
curve γ is contained in Cone
(
γ(0) , v , arctan
(

1−
))
and it is injective. In particular, if
0 <  < 1/2 we obtain γ(µ) 6= γ(0) and γ is contained in
Cone
(
γ(0) ,
γ(µ)− γ(0)
‖γ(µ)− γ(0)‖ , 2 arctan
( 
1− 
))
.
Proof. Up to an isometric change of coordinates we can suppose that γ(0) is the origin
and v = (1 , 0) = e1. Thus the curve γ(t) =
(
x(t) , y(t)
) ∈ R2 satisfies∥∥(γ(t)− te1)− (γ(s)− se1)∥∥ ≤  |t− s| in [ 0 , µ ].
In particular we obtain x(0) = y(0) = 0 and∣∣y(t)− y(s)∣∣ ≤  |t− s| and ∣∣(x(t)− t)− (x(s)− s)∣∣ ≤  |t− s| in [ 0 , µ ].
The function x(t) is a non-negative function that is also -Lipschitz with respect to the
identity. We obtain that x(t) is injective by Lemma 3.1. Thus γ is an injective path.
Moreover, the inequality
|y(t)|
x(t)
≤ t
x(t)− t+ t ≤
t
t(1− ) =

1− 
implies the first statement in the lemma.
Since γ is injective and γ(0) 6= γ(µ) then γ is contained in
Cone
(
γ(0) ,
γ(µ)− γ(0)
‖γ(µ)− γ(0)‖ , 2 arctan
( 
1− 
))
if 0 <  < 1/2
completing the proof of the lemma. 
Lemma 3.8. Let f : R2 → R2 with Lip(f − Id) ≤ . Consider two different points
p , q ∈ R2. Then we have :
(i) for any λ ∈ [ p , q ] the point f(λ) belongs to the intersection of the cones
Cone
(
f(p) ,
w
‖w‖ , 2 arctan
( 
1− 
))
and Cone
(
f(q) ,− w‖w‖ , 2 arctan
( 
1− 
))
if 0 <  < 1
2
where w = f(q)− f(p) ;
(ii) ‖f(λ)− f(p)‖ ≤ ‖f(q)− f(p)‖ for all λ ∈ [ p , q ] if 0 <  < 1
1+
√
3
.
Proof. We denote v = q−p‖q−p‖ and γ(t) = f(p+ tv) for t ∈ [ 0 , ‖q − p‖ ]. We have
γ(0) = f(p) and γ(‖q − p‖) = f(q) .
Since f is -Lipschitz with respect to the identity we obtain∥∥(γ(t)− tv)− (γ(s)− sv)∥∥ = ∥∥(f(p+ tv)− (p+ tv))− (f(p+ sv)− (p+ sv))∥∥
≤  |t− s|
for all s , t ∈ [ 0 , ‖q − p‖ ] .
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The points f(p) and f(q) are different if 0 <  < 1 by Lemma 3.3. Moreover γ is
contained in the cone
Cone
(
f(p) ,
w
‖w‖ , 2 arctan
( 
1− 
))
if 0 <  < 1/2
by Lemma 3.7. We deduce that γ is contained in the cone
Cone
(
f(q) ,− w‖w‖ , 2 arctan
( 
1− 
))
if 0 <  < 1/2
by interchanging the roles of p and q.
The proof is completed by noticing that when 0 <  ≤ 1/(1 + √3) the intersection
of the two cones defined above is contained in the closed ball of center f(p) and radius
‖f(q)− f(p)‖. 
4. FLOW-LIKE PROPERTIES OF HOMEOMORPHISMS -LIPSCHITZ WITH RESPECT TO
THE IDENTITY
Let f be a homeomorphism of R2 and p ∈ R2 − Fix(f). Consider an increas-
ing sequence (nk)k≥1 of positive integer numbers. Let us clarify that when we write
fnk(p) → p we are always assuming that the sequence fnk(p) converges to p when k
tends to ∞.
Given m ≥ 2 we denote by Γfp,m the closed oriented curve obtained by juxtaposing
the line segments
[ f(p) , f 2(p) ] , [ f 2(p) , f 3(p) ] , . . . , [ fm−1(p) , fm(p) ] , [ fm(p) , f(p) ]
where a segment [ f i(p) , f i+1(p) ] is oriented from f i(p) to f i+1(p). The points f(p) ,
f 2(p) , . . . , fm(p) are the vertices of Γfp,m. Analogously we define the curve Γ
f
p as the
oriented curve obtained by juxtaposing the segments [ f i(p) , f i+1(p) ] for i ∈ Z . We
denote by B( p , r ) (resp. B[ p , r ] ) the open (resp. closed) ball of center p and radius
r > 0 .
Roughly speaking the curves Γfp can be interpreted as the trajectories of a continuous
dynamical system containing the orbits of f . A significant issue is that even in very simple
cases, for instance when f belongs to the center of G, another element of the group does
not preserve this superimposed structure. More precisely we have h(Γfp) 6= Γfh(p) for
general p ∈ R2 − Fix(f) and h ∈ G. This does not constitute a problem, since the
continuous dynamical system is preserved up to homotopy relative to Fix(f).
Lemma 4.1. Let G ⊂ Homeo(R2) be a group. Consider a normal subgroup L of G and
f ∈ U∩G such that the class of f in G/L belongs to Z(G/L). Let p ∈ Fix(L)−Fix(f)
and h ∈ U∩G. Suppose that there exists a sequence (nk)k≥1 of positive integers such that
fnk(p) → p. Then there exists a homotopy in R2 − Fix(f) relative to vertices between
the curves Γfh(p),nk and h(Γ
f
p,nk
) for k big enough.
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Proof. The commutator [h−1, f−j ] belongs to L for any j ∈ Z since f ∈ Z(G/L). The
point p is a global fixed point of L, hence we have
h(f j(p)) = f j(h(p)) for all j ∈ Z .
Given j ∈ Z we apply Lemma 3.8 to the map f and the segment [ f j(p) , f j+1(p) ]. We
obtain
‖h(λ)− f j(h(p))‖ = ‖h(λ)− h(f j(p))‖ ≤ ‖h(f j+1(p))− h(f j(p))‖
≤ ‖f j+1(h(p))− f j(h(p))‖
for any λ ∈ [ f j(p) , f j+1(p) ]. In particular h[ f j(p) , f j+1(p) ] is contained in the closed
ball Bj of center f j(h(p)) and radius ‖f j+1(h(p)) − f j(h(p))‖ . Moreover, corollary
A.2 implies that Bj does not contain fixed points of f . The curves
[ f j(h(p)) , f j+1(h(p)) ] and h
(
[ f j(p) , f j+1(p) ]
)
are contained in Bj , therefore they are homotopic via an homotopy relative to ends in Bj .
p h(p)
f(p) f(h(p))
f2(p) f2(h(p))
f j(p)
↙f j(h(p))
↙f
j+1(h(p))
f j+1(p)
fnk(p)
↗ Γ
f
p,nk
← h(Γfp,nk)
fnk(h(p))
↗
↖ Γfh(p),nk
It remains to show that
[ fnk(h(p)) , f(h(p)) ] and h
(
[ fnk(p) , f(p) ]
)
(4.1.1)
are also homotopic relative to ends in R2 − Fix(f). By the first part of the proof we
have that [h(p) , f(h(p)) ] and h([ p , f(p) ]) are contained in B0 . Since fnk(p) → p
and fnk(h(p)) = h(fnk(p)) → h(p) we deduce that the curves in expression (4.1.1) are
contained in the closed ball of center h(p) and radius 2‖f(h(p)) − h(p)‖ for k >> 0.
We argue as above since such a ball does not contain points of Fix(f) by Corollary A.2.

Some properties of Γfp and Op(f) are analogous. For instance next lemma applied to
K = Op(f) implies that a fixed point of f is in the closure of the f -orbit of p if and only
if it belongs to the closure of Γfp .
Lemma 4.2. Let f ∈ U . Consider a compact set K and a point q ∈ Fix(f)−K. Then
there exists δ > 0 such that B(q , δ) ∩ [ y , f(y) ] = ∅ for any y ∈ K.
Proof. There exists δ > 0 such that B(q, 2δ) ∩K = ∅. We claim that there is no point z
in B(q, δ)∩ [y, f(y)] for any y ∈ K. Otherwise y 6∈ Fix(f) and the length of [ y , f(y) ]
is equal to the sum of the lengths of [ y , z ] and [ z , f(y) ] and as a consequence greater
than δ. Since
||y − q|| ≤ ||y − z||+ ||z − q|| < ||y − f(y)||+ δ < 2||y − f(y)||
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we obtain a contradiction with Corollary A.2. 
Next we define a concept of fixed point of a homeomorphism f of R2 enclosed by an
orbit of f .
Definition. Let f be a homeomorphism of R2 and p ∈ R2−Fix(f). We say that a point
q ∈ Fix(f) is a capital point for Op(f) if there exists an increasing sequence of positive
integers (nk)k≥1 such that :
• fnk(p)→ p ;
• Indq(Γfp,nk) is a well-defined non-vanishing integer number for k >> 0.
In the above definition Indq(Γfp,nk) stands for the winding number of the curve Γ
f
p,nk
with respect to the point q.
q ∈ Fix(f)
p
f(p)
f2(p)
f3(p)
↗
fnk(p)
Γfp,nk
Lemmas 4.4 and 4.5 show that the set of capital points is closed and invariant by the
action of subgroups under suitable conditions. The next remark will be useful in the proofs.
Remark 4.3. Let G ⊂ Homeo(R2) be a group. Consider a normal subgroup L of G and
f ∈ G such that the class of f in G/L belongs to Z(G/L). Then 〈L , f〉 is a normal
subgroup of G and the set Fix(L , f) is G-invariant.
Lemma 4.4. Let G ⊂ Homeo(R2) be a group. Consider a normal subgroup L of G and
f ∈ U∩G such that the class of f in G/L belongs to Z(G/L). Let p ∈ Fix(L)−Fix(f)
and h ∈ V1 ∩ G. Consider a capital point q ∈ Fix(L , f) for Op(f). Then h`(q) ∈
Fix(L , f) is a capital point for Oh`(p)(f) for any ` ∈ Z .
Proof. The point h(q) belongs to Fix(L , f) by Remark 4.3. Moreover, since q is a
capital point for Op(f) there exists an increasing sequence (nk)k≥1 of positive integers
such that :
• fnk(p)→ p ;
• Indq(Γfp,nk) is a well-defined non-vanishing integer number for k >> 0.
Since the class of f belongs to Z(G/L) and p ∈ Fix(L) we have h(f j(p)) = f j(h(p))
for any j ∈ Z. In particular we obtain fnk(h(p)) → h(p) and h(p) /∈ Fix(f). Since h
is orientation-preserving the winding number Indh(q)
(
h(Γfp,nk)
)
is well-defined, equal to
Indq(Γfp,nk) and then non-vanishing for k >> 0.
FIXED POINTS FOR NILPOTENT ACTIONS ON THE PLANE 11
The curves h(Γfp,nk) and Γ
f
h(p),nk
are homotopic relative to vertices via an homotopy in
R2 − Fix(f) by Lemma 4.1. Thus we obtain
Indh(q)(Γ
f
h(p),nk
) = Indh(q)
(
h(Γfp,nk)
) 6= 0 for k >> 0 .
We deduce that h(q) is a capital point for Oh(p)(f). Hence h`(q) is a capital point for
Oh`(p)(f) for any l ≥ 0 by successive applications of the previous argument. We just
used that h belongs to U . Since h−1 ∈ U whenever h ∈ V1 we obtain that h`(q) is a
capital point for Oh`(p)(f) for any l ∈ Z. 
Lemma 4.5. Let G ⊂ Homeo(R2) be a group. Let L be a normal subgroup of G.
Let h1, . . . , hn ∈ G ∩ V1 and f ∈ G ∩ U such that the class of f in G/L belongs to
Z(G/L). Let q ∈ Fix(L, f) be a capital point for Op(f) , where p ∈ Fix(L) − Fix(f)
has bounded (h1, . . . , hn, f)-orbit. If
q′ ∈ Oq(h1, . . . , hn) and q′ 6∈ Op(h1, . . . , hn, f)
then q′ is a capital point for Oz(f) for some z ∈ Op(h1, . . . , hn).
Proof. We denote K = Op(h1, . . . , hn, f). Lemma 4.2 and Remark 4.3 imply the exis-
tence of δ > 0 such that B(q′, δ)∩[ y , f(y) ] = ∅ for any y ∈ K. On the other hand there
exists a sequence (ϕ`)`≥1 of elements of the group 〈h1, . . . , hn〉 such that ϕ`(q) → q′.
We fix ` ∈ N such that ‖q′ − ϕ`(q)‖ < δ/2. Since q is a capital point for Op(f) we
obtain that ϕ`(q) is a capital point for Oϕ`(p)(f) by Lemma 4.4. Let (nk)k≥1 be an in-
creasing sequence such that fnk(ϕ`(p)) → ϕ`(p) and Indϕ`(q)(Γfϕ`(p),nk) is well-defined
and non-vanishing for any k ∈ N. The curve Γfϕ`(p),nk does not intersect B(q′, δ/2) for
k >> 0 by construction. As a consequence q′ is a capital point for Oϕ`(p)(f). 
Consider homeomorphisms f , g that are embedded in topological flows, i.e. f =
exp(X) and g = exp(Y ). Suppose p ∈ Sing(Y )−Sing(X) and q ∈ Sing(X)−Sing(Y ).
It is obvious that if the flows commute then the trajectory of X through p is contained in
Sing(Y )−Sing(X) and the trajectory of Y through q is contained in Sing(X)−Sing(Y ).
In particular the trajectories do not intersect. The next lemma is the generalization of this
flow behavior in the -Lipschitz with respect to the identity setting.
Lemma 4.6. Let G ⊂ Homeo(R2) be a subgroup and f, g ∈ U ∩G. Suppose that
p ∈ Fix(G(1), g)− Fix(f) and q ∈ Fix(G(1), f)− Fix(g) .
Then the following properties are satisfied :
(i) The curves Γfp and Γ
g
q are disjoint ;
(ii) If there exists a constant r > 0 such that
‖f i+1(p)− f i(p)‖ ≥ r and ‖gi+1(q)− gi(q)‖ ≥ r
for any i ∈ Z , then d(Γfp ,Γgq ) ≥ r.
(iii) If there is an increasing sequence (nk)k≥1 of positive integers such that fnk(p)→
p then there exists κ ∈ Z+ such that Γfp,nk ∩ Γgq = ∅ for all k ≥ κ and Γgq .
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Proof. We will proof only item (iii) since the proofs of items (i) and (ii) use analogous
arguments. Moreover, the items (i) and (ii) are versions of Lemmas 4.3 and 4.5 of [7]
respectively. The proofs are essentially the same, using Remark 4.3 and item (iii) of
Corollary A.2.
Suppose that item (iii) does not hold true. Up to consider a subsequence we can suppose
that Γfp,nk ∩ Γgq 6= ∅ for any k ∈ N. Since Γfp ∩ Γgq = ∅ by item (i) we obtain
[ fnk(p) , f(p) ] ∩ Γgq 6= ∅ for any k ∈ N .
Let j ∈ Z such that [ fnk(p) , f(p) ] ∩ [ gj(q) , gj+1(q) ] 6= ∅. Of course j depends on k.
We obtain
‖gj(q)− fnk(p)‖ ≤ ‖gj+1(q)− gj(q)‖+ ‖fnk(p)− f(p)‖ ≤
≤ 2 max{‖gj+1(q)− gj(q)‖ , ‖fnk(p)− f(p)‖}.
There exist two cases:
• fnk(p) belongs to the closed ball of center gj(q) and radius 2‖gj+1(q)− gj(q)‖.
This is impossible since fnk(p) is a fixed point of g by Remark 4.3 and the ball
does not contain fixed points of g by Corollary A.2 ;
• gj(q) belongs to the closed ball of center fnk(p) and radius 2‖fnk(p) − f(p)‖.
Since fnk(p)→ p the point gj(q) is a fixed point of f (Remark 4.3) that belongs
to the closed ball of center p and radius 4‖p−f(p)‖ for k >> 0. This contradicts
Corollary A.2.
We obtain a contradiction in both cases. 
5. PROOF OF THEOREM 1.1
Our first goal is making explicit that a finitely generated nilpotent group is a tower of
cyclic central extensions. Let S be a subset of a group G. We define
S(0) := S and S(j+1) := {[ a , b ] ; a ∈ S and b ∈ S(j)} for j ≥ 0 .
Suppose that S generates a nilpotent group G. The next result implies that we can find
a generator set of any subgroup in the descending central series by considering iterated
commutators of elements in S. It is a generalization of Proposition 2.3 of [7].
Lemma 5.1. Let G be a σ-step nilpotent group generated by a subset S of G. Then we
obtain G(j) = 〈S(j), . . . ,S(σ−1)〉 for all σ ≥ 1 and j ≥ 0.
Proof. Any σ-step nilpotent group generated by S satisfies G(σ−1) = 〈S(σ−1)〉 by Lemma
2.2 of [7]. This result implies the statement of the lemma for σ ≤ 2.
Let us show that if the lemma holds true for σ then so it does for σ + 1. The series
G
G(σ)
!
G(1)
G(σ)
! · · · ! G(σ−1)
G(σ)
!
G(σ)
G(σ)
= {Id}
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is the lower central series of the σ-step nilpotent group G/G(σ) since (G/G(σ))(j) =
G(j)/G(σ) for any 0 ≤ j ≤ σ. We obtain
G(j)
G(σ)
= 〈S(j), . . . ,S(σ−1)〉
by induction hypothesis where Id and S(k) are the projections of Id and S(k) in G/G(σ)
respectively. Therefore G(j) is equal to 〈S(j), . . . ,S(σ−1), G(σ)〉 for any j ≥ 0. We obtain
G(j) = 〈S(j), . . . ,S(σ−1),S(σ)〉 for any j ≥ 0 by Lemma 2.2 of [7]. 
Remark 5.2. Let σ ≥ 1. A direct consequence of the previous lemma and item (iv) of
Lemma 3.6 is that if a (σ+ 1)-step nilpotent subgroup G of Homeo(R2) is generated by
a subset of Vσ+1 then G(j) is generated by a subset of Vσ for any j ≥ 0.
The next lemma is a version of the Main Lemma of [7, p. 1085] for homeomorphisms
of the plane that are -Lipschitz with respect to the identity. It is the key tool in order to
find global fixed points.
Lemma 5.3. Let G ⊂ Homeo(R2) be a σ-step nilpotent group finitely generated in Vσ.
Let g0 , . . . , gm , f ∈ Vσ∩G and p ∈ Fix(G(1), g0, . . . , gm)−Fix(f) where m ≥ 0. Sup-
pose there exists an increasing sequence (nk)k≥1 of positive integers such that fnk(p)→
p. If γk is a simple closed curve contained in Γfp,nk then there exists
qk ∈ Fix(G(1), g0, . . . , gm, f) ∩ Int(Dk)
for k big enough where Dk is the compact disc bounded by γk.
The map g0 is always the identity map by convention.
Proof. The proof is by induction on σ. It is convenient to consider that the case σ = 0 of
the induction process corresponds to the situation G = 〈f〉 and g0 ≡ · · · ≡ gm ≡ Id. In
this way we avoid a special proof for the case σ = 1. The case σ = 0 is a consequence of
Lemma A.5.
Let us show that if the lemma holds true for any group of nilpotent class l with 0 ≤
l ≤ σ then it holds true for any group G of nilpotent class σ + 1. We consider a second
induction process on m ≥ 0. The case m = 0 is simple since H := 〈G(1), f〉 is a
nilpotent group whose nilpotency class is less or equal than σ if σ > 0 ; indeed we have
H(1) ⊂ G(2). We obtain H = 〈f〉 for the case σ = 0, this is the reason because we
choose a modified induction hypothesis. Let {h1, . . . , hn} ⊂ Vσ be a generator set of
G(1) provided by Remark 5.2. Since
p ∈ Fix(H(1), h1, . . . , hn)− Fix(f)
then there exists qk ∈ Fix(H) ∩ Int(Dk) by induction hypothesis for k >> 0.
Suppose that the result holds true for some m ≥ 0. We denote
A = 〈G(1), g0, . . . , gm+1〉 and B = 〈G(1), g0, . . . , gm, f〉.
Let p ∈ Fix(A) − Fix(f). If the result in the lemma is not satisfied we can consider
Fix(A , f)∩Int(Dk) = ∅ for any k ∈ N up to consider a subsequence of (nk)k≥1. Fix k ∈
N big enough. The induction hypothesis implies that there exists y0 ∈ Fix(B) ∩ Int(Dk)
for any k >> 0. We apply the item (iii) of Lemma 4.6 to the diffeomorphisms f and
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gm+1 and the points p and y0. We obtain Γfp,nk ∩ Γgm+1y0 = ∅ for k >> 0. In particular
the curves γk and Γgm+1y0 are disjoint and Γ
gm+1
y0
is contained in Int(Dk). The orbit
Oy0(gm+1) is contained in Γgm+1y0 and then in Int(Dk). Since f does not have fixed points
in γk by Corollary A.2 and Oy0(gm+1) is contained in Fix(f) we deduce that Oy0(gm+1)
is contained in Int(Dk). There exist ω-recurrent points for gm+1 in Oy0(gm+1). Hence
we can suppose that y0 is a ω-recurrent point for gm+1 by replacing y0 if necessary with
another point in Oy0(gm+1). There exists a simple closed curve α0 contained in Γgm+1y0
by Lemma A.3. The compact disc ∆0 bounded by α0 is contained in Int(Dk).
Let (lk)k≥1 be an increasing sequence of positive integers such that g
lk
m+1(y0) → y0.
Up to replace y0 with another point in the gm+1-orbit of y0 we can suppose α0 ⊂ Γgm+1y0,lk
for k >> 0. We can apply the induction hypothesis to y0 ∈ Fix(G(1), g0, . . . , gm) −
Fix(gm+1). Analogously we obtain a point y1 ∈ Fix(A)− Fix(f) that is ω-recurrent for
f and a simple closed curve α1 ⊂ Γfy1 contained in Int(∆0). Let ∆1 be the compact disc
bounded by α1. By repeating this process we obtain a sequence Dk ⊃ ∆0 ⊃ ∆1 ⊃ · · · ⊃
∆n ⊃ · · · such that ∆j+1 ⊂ Int(∆j) for any j ≥ 0 where ∂∆j ⊂ Γgm+1yj for some
yj ∈ Fix(B) − Fix(gm+1) if j is even and ∂∆j ⊂ Γfyj for some yj ∈ Fix(A) − Fix(f)
if j is odd.
We have Fix(A , f)∩Int(Dk) = ∅ and Fix(f)∩γk = ∅. We obtain Fix(A , f)∩Dk = ∅
and Fix(B , gm+1) ∩ Dk = ∅. Therefore there exists r ∈ R+ such that ‖f(y) − y‖ ≥ r
for any y ∈ Fix(A)∩Dk and ‖gm+1(y)− y‖ ≥ r for any y ∈ Fix(B)∩Dk. Notice that
Oyj(gm+1) ⊂ Fix(B) ∩ Dk if j is even and Oyj(f) ⊂ Fix(A) ∩ Dk if j is odd. Hence
the item (ii) of Lemma 4.6 implies that d(∂∆j, ∂∆j+1) ≥ r for any j ≥ 0. We deduce
that there exists a ball of radius r/3 contained in Int(∆j) −∆j+1 for any j ≥ 0. Since
the area of ∆0 is finite we obtain a contradiction. 
Lemma 5.3 is used to find global fixed points for normal subgroups of G. It is not
clear that the G-orbit of such points is bounded. This issue motivates the definition of
capital points since a capital point for an orbit Op(f) has bounded G-orbit under suitable
conditions. Moreover, the sets of capital points are naturally invariant by Lemma 4.4. The
existence of capital points is guaranteed by next two lemmas.
Lemma 5.4. Let G ⊂ Homeo(R2) be a σ-step nilpotent group finitely generated in Vσ.
Let g1, . . . , gm, f ∈ Vσ ∩G and p ∈ Fix(G(1), g1, . . . , gm)−Fix(f). Suppose there exists
an increasing sequence (nk)k≥1 of positive integers such that fnk(p) → p. Then there
exists
qk ∈ Fix(G(1), g1, . . . , gm, f) such that Indqk(Γfp,nk) 6= 0 for k >> 0 .
Proof. The angle in between two oriented non-disjoint segments in Γfp is less than pi/3 by
Corollary A.2. The segment [ fnk(p) , f(p) ] is very close to [ p , f(p) ] if k >> 0. Thus
the angle in between two oriented non-disjoint segments in Γfp,nk is less than pi/2 for
k >> 0. Lemma 3.1 of [9] implies that there exists a simple closed curve γk ⊂ Γfp,nk that
is oriented as Γfp,nk and satisfies Indq(Γ
f
p,nk
) 6= 0 for any q ∈ Int(Dk) where Dk is the
compact disc bounded by γk. There exists a point qk ∈ Fix(G(1), g1, . . . , gm, f)∩Int(Dk)
by Lemma 5.3 for k >> 0. Clearly we obtain Indqk(Γ
f
p,nk
) 6= 0. 
FIXED POINTS FOR NILPOTENT ACTIONS ON THE PLANE 15
Lemma 5.5. Let G ⊂ Homeo(R2) be a σ-step nilpotent group finitely generated in Vσ.
Let g1, . . . , gm, f ∈ Vσ∩G. Suppose that p ∈ Fix(G(1), g1, . . . , gm) has bounded f -orbit.
Then there exists q ∈ Fix(G(1), g1, . . . , gm, f) satisfying one of the following conditions :
• q ∈ Op(f) ;
• q is a capital point for Op˜(f) where p˜ ∈ Op(f) .
Proof. If Op(f) ∩ Fix(f) 6= ∅ there is nothing to prove. Let us suppose Op(f) ∩
Fix(f) = ∅ and let p˜ /∈ Fix(f) be a ω-recurrent point for f in Op(f). Consider an
increasing sequence (nk)k≥1 of positive integers such that fnk(p˜) → p˜. There exists
qk ∈ Fix(G(1), g1, . . . , gm, f) such that Indqk(Γfp˜,nk) 6= 0 for k big enough by Lemma
5.4. The condition Indqk(Γ
f
p˜,nk
) 6= 0 implies that qk belongs to Conv(Op˜(f)). Since
Op˜(f) ⊂ Op(f) the sequence (qk)k≥1 is bounded. Up to consider a subsequence we can
suppose qk → q. Lemma 4.2 provides a positive radius δ such that B(q , δ) ∩ Γfp˜,nk = ∅
for k >> 0. Since Indq(Γ
f
p˜,nk
) = Indqk(Γ
f
p˜,nk
) for k >> 0 then q is a capital point for
Op˜(f). 
Let G be a nilpotent subgroup of Homeo(R2) generated by -Lipschitz homeomor-
phisms with respect to the identity. Our goal is proving that if the group has a bounded
orbit O then either there exists a global fixed point in the closure of O or O encloses
a global fixed point in the following sense : there exists a global fixed point in the in-
terior of Conv(O). It is analogous in our setting to a result for abelian groups of C1-
diffeomorphisms by Franks, Handel and Parwani [11, Theorem 6.1].
Definitions. Let G be a subgroup of Homeo(R2) and p ∈ R2 be a point whose G-orbit
is bounded. Given an orientation-preserving homeomorphism f ∈ G we define :
AG( p , f ) :=
⋃
y∈Op(G)
[ y , f(y) ] and G( p , f ) = d
(AG(p , f) ,Fix(f)) .
We also define BG( p , f ) as the union of AG( p , f ) and the bounded connected compo-
nents of R2 −AG( p , f ).
Let us explain the idea behind the above definitions. The segment [ fnk(z) , f(z) ] con-
verges to the segment [ z , f(z) ] when fnk(z) → z . As a consequence if f ∈ U and
Op(G) ∩ Fix(f) = ∅ then the capital points for Oz(f) belong to the bounded connected
components of R2 − AG( p , f) when z ∈ Op(G) . Thus the set BG( p , f ) is a natural
place to localize global fixed points.
Remark 5.6. Consider the setting in the above definitions. The set AG( p , f ) is compact.
Moreover if f ∈ U and Op(G) ∩ Fix(f) = ∅ then G( p , f ) is greater than 0 by
Corollary A.2 and we have that B(z , G( p , f )) is contained in R2 − AG( p , f ) for all
z ∈ Fix(f) . In particular if z ∈ Fix(f) is not contained in the unbounded connected
componente of R2 −AG( p , f ) then z ∈ BG( p , f ) and consequently B( z , G( p , f ))
is contained in BG( p , f ) .
Given A ⊂ R2 and r > 0 we define B(A , r) = ∪z∈AB(z , r) .
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Proposition 5.7. Let G ⊂ Homeo(R2) be a finitely generated σ-step nilpotent subgroup
generated in Vσ. Consider a normal subgroup H of G generated in Vσ and f ∈ G∩Vσ
such that the class of f in G/H belongs to Z(G/H) . Let p ∈ Fix(H) with bounded
G-orbit. Then there exists q ∈ Fix(H, f) such that either
q ∈ Op(G) or G( p , f ) > 0 and B
(
Conv(Oq(G)) , G( p , f )
) ⊂ Conv(Op(G)) .
We always have Oq(G) ⊂ Conv(Op(G)) .
Proof. We denote J = 〈H, f〉. If Op(G) ∩ Fix(f) 6= ∅ we choose q ∈ Op(G) ∩ Fix(f).
It is clear that q ∈ Fix(H, f) and q ∈ Op(G) by construction.
Let us suppose that Op(G) ∩ Fix(f) = ∅. We deduce AG( p , f ) ∩ Fix(f) = ∅ and
G( p , f ) > 0 by Remark 5.6.
The group G is a finitely generated nilpotent group and hence polycyclic (cf. [17][Theorem
17.2.2]). Therefore any subgroup of G is finitely generated (cf. [17][Theorem 19.2.3])
and we obtain H = 〈J(1), g1, . . . , gm〉 for some g1, . . . , gm ∈ Vσ.
We remind the reader that Op(G) ∩ Fix(J) = ∅ . Now, applying Lemma 5.5 to
J , g1, . . . , gm, f and p ∈ Fix(J(1), g1, . . . , gm) = Fix(H) we conclude there exists q ∈
Fix(J) that is a capital point associated to Op˜(f) for some p˜ ∈ Op(f) .
Let {h1, . . . , hn} ⊂ Vσ be a set such that 〈H, f, h1, . . . , hn〉 = G. Since
Oq(h1, . . . , hn) ∩ Op˜(h1, . . . , hn, f) ⊂ Fix(J) ∩ Op(G) = ∅
we can apply Lemma 4.5. Let q′ ∈ Oq(h1, . . . , hn) = Oq(G). The point q′ is a cap-
ital point associated to Oz(f) for some z ∈ Op˜(h1, . . . , hn). Therefore q′ belongs to
BG( z , f ) and then to BG( p , f ) since z ∈ Op(G). From Remark 5.6 we deduce that
B(q′, G( p , f )) ⊂ BG( p , f ). We obtain
B
(Oq(G) , G( p , f )) ⊂ BG( p , f ) ⊂ Conv(Op(G))
as we wanted to prove. 
Finally we can complete the proof of the Main Theorem.
Definition. Let G be a group and f0 = Id . We say that the sequence f1, . . . , fn is a
central series for G if :
• G = 〈f1, . . . , fn〉 ;
• 〈f0, . . . , fj〉 is a normal subgroup of G for any 0 ≤ j ≤ n and the class of fj+1
belongs to the center of G/〈f0, . . . , fj〉 for any 0 ≤ j < n.
Let S be a set of generators for G. We say that a central series f1, . . . , fn is associated
to S if {f1, . . . , fn} ⊂ ∪∞j=0 S(j).
Remark 5.8. Let G be a σ-step nilpotent subgroup of Homeo(R2) generated by a finite
subset S. The sequence S(σ−1), . . . ,S(0) (we can choose any order in each S(j)) is a
central series associated to S by Lemma 5.1.
Theorem 5.9. Let G ⊂ Homeo(R2) be a σ-step nilpotent subgroup generated in Vσ+1.
Let p ∈ R2 with bounded G-orbit. Then there exists q ∈ Fix(G) such that either q ∈
Op(G) or q ∈ Int(Conv(Op(G))).
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Proof. Suppose that G is finitely generated. Let S be a finite generator set of G con-
tained in Vσ+1. There exists a central series {g1, . . . , gn} associated to S and contained
in Vσ by Remarks 5.2 and 5.8. From Proposition 5.7 there exists a sequence
p0 = p , pi ∈ Fix(g1, . . . , gi) for 1 ≤ i ≤ n
such that either
pi+1 ∈ Opi(G) or Opi+1(G) ⊂ Int(Conv(Opi(G))) for any 0 ≤ i < n .
Now we define q := pn and we obtain after an easy calculation that either
q ∈ Op(G) or q ∈ Int(Conv(Op(G))) = Int(Conv(Op(G))).
Let us consider the general case. For this let S ⊂ Vσ+1 be an (infinite) generator set of
G. We denote
j = min
{
l ∈ N ∪ {0} ; Op(G) ∩ Fix(G(l)) 6= ∅
}
.
If j = 0 we are done. Let us suppose j ≥ 1 and recall that G(l) = 〈S(l), . . . ,S(σ−1)〉 for
l ≥ 0 by Lemma 5.1.
Given f ∈ S(j−1) we define the open set Uf = {y ∈ R2 ; f(y) 6= y}. We obtain
Op(G) ∩ Fix(G(j)) ⊂
⋃
f∈S(j−1)
Uf
since G(j−1) = 〈S(j−1), G(j)〉 and Op(G) ∩ Fix(G(j−1)) = ∅ .
By compactness of Op(G) ∩ Fix(G(j)) there exists a subset {f1, . . . , fa} of S(j−1)
such that Op(G) ∩ Fix(G(j)) ⊂ Uf1 ∪ . . . ∪ Ufa . If {f1, . . . , fa} is minimal among the
sets sharing the previous property we obtain
Op(G) ∩ Fix(G(j), f0, . . . , fa−1) 6= ∅ and Op(G) ∩ Fix(G(j), f1, . . . , fa) = ∅ (5.9.1)
where f0 = Id . We recall that 〈G(j) , T 〉 is a normal subgroup of G whenever T is a
subset of G(j−1) .
Let L be a finitely generated subgroup of G. There exists a finite subset Ŝ of S such
that L ⊂ 〈Ŝ 〉 and f1, . . . , fa ∈ Ŝ(j−1). We denote M = 〈Ŝ 〉. There exists a central
series
g1, . . . , gn, f1, . . . , fm ∈ Vσ
associated to Ŝ with m ≥ a and {g1, . . . , gn} ⊂ G(j) by Remark 5.8. We define
H = 〈g1, . . . , gn, f0, f1, . . . , fa−1〉
It is a normal subgroup of M contained in G(j−1).
Now let us fix pˆ0 ∈ Op(G) ∩ Fix(G(j), f0, f1, . . . , fa−1). We have that Opˆ0(M) is
bounded and pˆ0 ∈ Fix(H) . It follows from (5.9.1) that Opˆ0(G) ∩ Fix(fa) = ∅ since
Opˆ0(M) ⊂ Opˆ0(G) ⊂ Op(G) ∩ Fix(G(j), f0, f1, . . . , fa−1) .
Applying Proposition 5.7 with f = fa and pˆ0 ∈ Fix(H) we conclude that
0 < G(pˆ0 , fa) ≤ M(pˆ0 , fa)
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and there exists a point pˆa ∈ Fix(H, fa) such that
B
(
Conv(Opˆa(M)), G(pˆ0 , fa)
) ⊂ B(Conv(Opˆa(M)), M(pˆ0, fa))
⊂ Conv(Opˆ0(M)) ⊂ Conv(Op(G)). (5.9.2)
By successive applications of Proposition 5.7 we obtain
pˆa+1 ∈ Fix(H, fa , fa+1) , . . . , pˆm ∈ Fix(H, fa , . . . , fm)
such that
Conv(Opˆm(M)) ⊂ · · · ⊂ Conv(Opˆa(M)) .
The point pˆm ∈ Fix(L) belongs to Fix(M) ∩ Conv(Opˆa(M)) . Let us define  :=
G( pˆ0 , fa). Then it follows from (5.9.2) that B(pˆm, ) ⊂ Conv(Op(G)) = Conv(Op(G)).
Moreover we obtain B(pˆm, ) ⊂ Conv(Op(G)) since the interiors of Conv(Op(G)) and
Conv(Op(G)) coincide.
Now let us consider the compact set
F =
{
y ∈ Conv(Op(G)) ; d
(
y , ∂ Conv(Op(G))
) ≥ }.
By construction every finitely generated subgroup L of G has a global fixed point in F.
Hence Fix(G) ∩ F is non-empty by the finite intersection property. Consequently the
ball B(q , ) is contained in Conv(Op(G)) and then q ∈ Int(Conv(Op(G))) for any
q ∈ Fix(G) ∩ F. 
Remark 5.10. A goal of this paper is showing existence and localization of global fixed
points of nilpotent groups within an elementary framework. In this spirit we try to prevent
technical difficulties that could make the paper more difficult to read. For instance in The-
orem 1.1 the localization result suggests that it suffices to require the Lipschitz condition
in a big enough neighborhood of the bounded orbit. This is indeed the case but we prefer
to avoid the extra notations and estimates whereas we keep the main ideas.
Another example is the definition of the constants σ and the sets Vσ of homeomor-
phisms. It is possible to show that we can choose the sequence (σ)σ≥0 such that it con-
verges to 0 geometrically by taking profit of the properties of central series. The proof
involves a tighter control of the inductive process. Again we prefer a neat simple ap-
proach.
6. NILPOTENT ACTIONS AND CARTWRIGHT-LITTLEWOOD THEOREM
The next result immediately implies Theorem 1.2 if the nilpotent group is finitely gen-
erated.
Theorem 6.1. Let G ⊂ Homeo(R2) be a σ-step nilpotent group finitely generated in
Vσ+1. If C is a G-invariant full continuum then there is a global fixed point of G in C.
Proof. Let {g1, . . . , gn} be a central sequence associated to S, where S ⊂ Vσ+1 is a finite
generator set of G. It is contained in Vσ by Remark 5.2. We denote Gl = 〈g1, . . . , gl〉
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and Kl = Fix(Gl) ∩ C. Let us show that Kj 6= ∅ for any 1 ≤ j ≤ n by induction on j.
The statement holds true for j = 1 by Cartwright-Littlewood theorem.
We will show that Kj 6= ∅ and Kj+1 = ∅ are incompatible. Let W be the connected
component of R2 − Fix(Gj+1) containing C. Since C is Gj+1-invariant we deduce that
so is W . Moreover, the set Kj is gj+1-invariant by Remark 4.3, thus there exists a ω-
recurrent point p for gj+1 in Kj . Let (nk)k≥1 be an increasing sequence of positive
integers such that gnkj+1(p) → p. There exists qk ∈ Fix((Gj+1)(1), g1, . . . , gj+1) such that
Indqk(Γ
gj+1
p,nk ) 6= 0 for k >> 0 by Lemma 5.4. In particular the curves Γgj+1p,nk are not
null-homotopic in W for k >> 0.
Let us show that there is a lift of Γgj+1p,nk to the universal covering pi : R2 → W of W
that is a closed curve for k >> 0, contradicting that Γgj+1p,nk is non-null-homotopic. Let D
be a closed topological disc containing C and contained in W . Consider a lift D˜ of D
in R2. The set C˜ := D˜ ∩ pi−1(C) is a lift of C. Given q ∈ C we denote by q˜ the unique
point in C˜ ∩ pi−1(q).
Consider the isotopy Ht(x) := (1 − t)x + t gj+1(x) given by Corollary 3.4 where
x ∈ R2 and t ∈ [0, 1]. Since it is an isotopy relative to Fix(gj+1) it can be restricted to an
isotopy in W . We consider the lift H˜t : [ 0 , 1]×R2 → R2 such that H˜0 ≡ Id. Given any
point y ∈ R2 the path H˜t(y) where t ∈ [ 0 , 1 ] is a lift of the segment [ pi(y) , gj+1(pi(y)) ]
contained in W . We denote g˜j+1 ≡ H˜1. Since there exists p0 ∈ Fix(gj+1) ∩ C by
Cartwright-Littlewood theorem we obtain g˜j+1(p˜0) = p˜0 and then g˜j+1(C˜ ) = C˜. We
deduce that there exists a lift of the curve Γgj+1p whose vertices belong to C˜. The property
gnkj+1(p)→ p implies that any lift of the curve Γgj+1p,nk is a closed curve for k >> 0. 
6.1. Proof of Theorem 1.2. The family composed by the sets of fixed points in C of
finitely generated subgroups of G is a family of compact sets that has the finite intersection
property by Theorem 6.1. Therefore the intersection of all sets in the family, i.e. Fix(G)∩
C, is a non-empty set.
APPENDIX A. REVISITING BONATTI’S IDEAS
In order to show the existence of common fixed points for C1-diffeomorphisms of the
2-sphere, that are pairwise commuting and C1-close to the identity, Bonatti studies their
local properties [1]. In this section we adapt these results for homeomorphisms of the
plane that are -Lipschitz with respect to the identity. The proofs are essentially the same
as in [1] and they are included in the paper for the sake of clarity.
Lemma A.1. Let  > 0 , n ∈ Z+ and f : R2 → R2 with Lip(f − Id) ≤ /n . Consider
p , q ∈ R2 such that ‖ q − p ‖ ≤ n ‖ f(p)− p ‖. Then we have
‖(f − Id)(q)− (f − Id)(p)‖ ≤  ‖f(p)− p‖ . (A.1.1)
In particular if 0 <  < 1 and f(p) 6= p then
(i) f has no fixed points in the closed ball B
[
p , n ‖f(p)− p‖ ] ;
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(ii) The angle Ang(v1, v2) enclosed by the vectors
v1 =
f(z1)− z1
‖f(z1)− z1‖ and v2 =
f(z2)− z2
‖f(z2)− z2‖ (A.1.2)
is well-defined if z1 , z2 ∈ B
[
p , n ‖f(p)−p‖ ] and 0 ≤ Ang(v1, v2) ≤ 2 arcsin().
Proof. Let p , q ∈ R2 with ‖q − p‖ ≤ n ‖f(p)− p‖. The Lipschitz property implies
‖ (f − Id)(q)− (f − Id)(p) ‖ ≤ 
n
‖ q − p ‖ ≤ 
n
n ‖f(p)− p‖ =  ‖f(p)− p‖
proving the inequality (A.1.1).
Suppose 0 <  < 1 and f(p) 6= p . If f(q) = q for some q ∈ B[ p , n ‖f(p) − p‖ ]
then
‖f(p)− p‖ = ‖ (f − Id)(q)− (f − Id)(p) ‖ ≤  ‖f(p)− p‖
contradicting the condition 0 <  < 1. This completes the proof of item (i).
Let us show item (ii). The angle enclosed by the vectors v1 and v2 is well-defined by
item (i). We have
Ang(v1 , v2) ≤ Ang
(
v1 ,
f(p)− p
‖f(p)− p‖
)
+ Ang
(
v2 ,
f(p)− p
‖f(p)− p‖
)
.
Moreover equation (A.1.1) implies
0 ≤ sin
{
Ang
(
vi ,
f(p)− p
‖f(p)− p‖
)}
≤ ‖f(zi)− zi −
(
f(p)− p)‖
‖f(p)− p‖ ≤  .
Thus we obtain 0 ≤ Ang(v1, v2) ≤ 2 arcsin(), completing the proof of item (ii). 
Corollary A.2. Let f : R2 → R2 with Lip(f − Id) ≤ 1
8
and p ∈ R2 − Fix(f) . Then
(i) f is a homeomorphism ;
(ii) ‖(f − Id)(q)− (f − Id)(p)‖ ≤ 1
2
‖f(p)− p‖ for all p , q ∈ B[ p , 4‖f(p)− p‖ ] ;
(iii) f has no fixed points in the closed ball B[ p , 4‖f(p)− p‖ ] ;
(iv) 0 ≤ Ang(v1, v2) ≤ pi/3 where v1 , v2 are defined in (A.1.2) and z1, z2 belong to
the closed ball B[ p , 4‖f(p)− p‖ ].
Proof. The proof of items (ii), (iii) e (iv) is obtained by considering  = 1/2 and n = 4
in Lemma A.1. Item (i) is an immediate consequence of Lemma 3.3. 
The next lemma is used in the proof of Lemma 5.3.
Lemma A.3. Let f ∈ Homeo(R2) with Lip(f−Id) ≤ 1
8
. Suppose that p ∈ R2−Fix(f)
is an ω-recurrent point for f . Then Γfp is not a simple curve.
Proof. Suppose that Γfp is simple. Let σ be a line segment, intersecting [ p , f(p) ] per-
pendicularly in their common midpoint. We also suppose that the length of σ is less or
equal than ‖f(p)− p‖. Since p is ω-recurrent the curve Γfp intersects σ infinitely many
times.
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Let j ∈ Z+ such that [ f j(p) , f j+1(p)] ∩ σ 6= ∅. We have
‖f j(p)−p‖ ≤ ‖f j+1(p)−f j(p)‖+2‖f(p)−p‖ ≤ 3 max{‖f(p)−p‖ , ‖f j+1(p)−f j(p)‖}.
Hence either f j(p) ∈ B[ p , 4 ‖f(p)− p‖ ] or p ∈ B[ f j(p) , 4 ‖f j+1(p)− f j(p)‖ ]. Any-
way, the angle defined by the segments [ p , f(p) ] and [ f j(p) , f j+1(p) ] is less or equal
than pi/3 by item (iv) in Corollary A.2. Therefore these segments intersect σ with the
same orientation.
Let i ∈ Z+ be the first positive integer such that [ f i(p) , f i+1(p)) ∩ σ 6= ∅. Consider
the simple closed curve β obtained by juxtaposing the segments
[ a , f(p) ] , [ f(p) , f 2(p) ] , . . . , [ f i−1(p) , f i(p) ] , [ f i(p) , b ] , [ b , a ]
where {a} = [ p , f(p) ] ∩ σ and {b} = [ f i(p) , f i+1(p) ) ∩ σ. Since the segments
[ p , f(p) ] and
[
f i(p) , f i+1(p)
)
intersect σ with the same orientation then β separates
the points p and f i+1(p).
Let D be the closure of the connected component of R2−β containing f i+1(p). Since
p and f i+1(p) belong to the ω-limit of Op(f) there exists q = f j(p) for some j > i+ 1
such that q ∈ Int(D) and f(q) /∈ Int(D) . The intersection of [ q , f(q) ] with β is
contained in the segment [ a , b ]. Since [ p , f(p) ] and [ q , f(q) ] intersect σ with the
same orientation we deduce q does not belong to Int(D), obtaining a contradiction. 
Let p ∈ R2− Fix(f) be an ω-recurrent point for f . There exists a simple closed curve
γ ⊂ Γfp by Lemma A.3. The vertices of γ are intersections of line segments of the form
[ fn(p) , fn+1(p) ] and [ fm(p) , fm+1(p) ] . The angle described by two such intersecting
segments is less or equal than pi/3 by Corollary A.2. Let D be the disc bounded by γ.
Consider the vector field defined by X(x) = f(x)−x for x ∈ R2. Since the singularities
of X are the fixed points of f the vector field X has no singular points in γ by Corollary
A.2. Moreover, the angle described by X(x) and any segment of γ through x is less or
equal than pi/3. Therefore the index of the singularities of X in D is equal to 1. We
obtain the following lemma :
Lemma A.4. Let f ∈ Homeo(R2) with Lip(f − Id) ≤ 1
8
. Consider a ω-recurrent point
p ∈ R2 − Fix(f) for f . Then there exists a simple closed curve γ ⊂ Γfp , contained in
R2 − Fix(f) , such that the compact set of fixed points of f in the interior of the disc
bounded by γ has index 1 for f .
Analogously the existence of an increasing sequence of positive integers (nk)k≥1 such
that fnk(p)→ p for some p ∈ R2−Fix(f) implies that a simple closed curve γk ⊂ Γfp,nk
behaves similarly as the curve γ in Lemma A.4 if k >> 0. The reason is that the segment
[ fnk(p) , f(p) ] that is contained in Γfp,nk but it is not necessarily contained in Γ
f
p has
analogous properties as the segment [ p , f(p) ] when k >> 0. Then we have the following
lemma.
Lemma A.5. Let f ∈ Homeo(R2) with Lip(f − Id) ≤ 1
8
. Suppose that there exist
p ∈ R2 − Fix(f) and a increasing sequence of positive integer numbers (nk)k≥1 such
that fnk(p) → p . Suppose further that γk ⊂ Γfp,nk is a simple closed curve. Then γk
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has no fixed points of f and the compact set of fixed points of f in the interior of the disc
bounded by γk has index 1 for f when k >> 0.
We can provide versions of the results of this paper for the sphere S2 ⊂ R3. We
can adapt the proofs of Theorem 1.1 of [7] and Bonatti’s Main Theorem of [1] to the -
Lipschitz with respect to the identity setting. We remind the reader that if f ∈ Homeo(S2)
is -Lipschitz with respect to the identity then f is C0-close to the identity map when
 > 0 is small enough.
APPENDIX B. SOME EXAMPLES
There exist several results in the literature showing existence and localization of fixed
points of abelian groups. In this section we show that the scope of our results is wider.
More precisely, we provide examples of non-abelian nilpotent groups satisfying the con-
ditions in the main theorem, i.e. σ-step nilpotent subgroups of homeomorphisms that are
-Lipschitz with respect to the identity, and admitting a global fixed point.
EXAMPLES ARISING FROM DIMENSION 1
We build examples of nilpotent subgroups of homeomorphisms of the plane that are
inspired by examples of groups of homeomorphisms of the real line or the circle.
Plante and Thurston proved that the C2-regularity imposes strong restrictions on the
nilpotent groups of diffeomorphisms of the real line [20].
Theorem (Plante-Thurston). Every nilpotent subgroup of Diff2([ 0 , 1 ]) or Diff2([ 0 , 1 ))
is abelian.
Farb-Franks generalize the previous result for Diff2(S1) in [8]. Moreover they prove
the following version for diffeomorphisms of the line.
Theorem (Farb-Franks). The groups of diffeomorphisms of the line satisfy :
• There exist σ-step nilpotent subgroups of Diff∞(R) for any σ ≥ 0 ;
• Any nilpotent subgroup of Diff2(R) is metabelian, i.e. G(1) is abelian ;
• If G is a nilpotent subgroup of Diff2(R) and if any element of G has fixed points,
then G is abelian.
In contrast, the case C1 is radically different.
Theorem (Farb-Franks). Let M = R , S1 or [ 0 , 1 ] . Every finitely generated torsion-
free nilpotent group is isomorphic to a subgroup of Diff1(M) .
Given a group G we denote by Tor(G) the subset of G of elements of finite order. In
general Tor(G) is not a group but it is a normal subgroup of G if G is a nilpotent group
(cf. [17][Theorem 16.2.7]). We say that G is torsion-free if Tor(G) = {Id}.
We denote by Nn the subgroup of GL(n,Z) of lower triangular matrices such that all
coefficients in the main diagonal are equal to 1. The group Nn is (n − 1)-step nilpotent
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for any n ≥ 2. Given 1 ≤ i < n we denote by ηi the matrix in Nn such that the
coefficient in the location (i + 1, i) is equal to 1 and all other coefficients outside of
the main diagonal vanish. The family {ηi}1≤i<n is a generator set of Nn . A theorem
of Malcev (cf. [21]) guarantees that a finitely generated torsion-free nilpotent group is
isomorphic to a subgroup of Nn for some n ≥ 1 .
Theorem 2.13 in [8] and its proof imply the following result.
Theorem (Farb-Franks). Let  > 0. There exists an injective homomorphism of groups
ψ : Nn −→ Diff1([ 0 , 1 ])
such that :
• any element of ψ(Nn) has derivative equal to 1 in both 0 and 1 ;
• |ψ(ηi)′(x)− 1| <  in [ 0 , 1 ] for all 1 ≤ i < n .
Let us define a monomorphism Ψ : Nn −→ Diff1(R2). Given η ∈ Nn let Ψ(η) be the
map defined by
Ψ(η)(t(x, y)) :=
{
[ψ(η)(t)](x, y) if 0 ≤ t ≤ 1
(x, y) if t > 1
where (x, y) ∈ S1 and t ≥ 0. Moreover, we can suppose that ψ(ηi)′ is arbitrarily close to
the constant function 1 for any 1 ≤ i ≤ n− 1. The nilpotent group Ψ(Nn) is generated
by the family {Ψ(ηi)}1≤i<n , whose elements are C1-close to the identity. Therefore any
finitely generated torsion-free nilpotent group can be realized as a subgroup of Diff1(R2)
whose generators are arbitraly close to the identity in the C1-topology.
Navas proves the following result in a recent paper (cf. [19, Théorème A]).
Theorem (Navas). Let G be a finitely generated subgroup of sub-exponential growth of
orientation-preserving homeomorphisms of [ 0 , 1] or S1. Then, given any  > 0 , there
exist subgroups that are topologically conjugated to G and such that the generators and
their inverses are e-Lipschitz homeomorphisms.
The above theorem implies that in the one dimensional setting the Lipschitz property
can be assumed for the study of the topological dynamics of finitely generated nilpotent
groups of homeomorphisms. Finitely generated nilpotent groups have polynomial growth.
A simple calculation shows that the generators in the above theorem are (e−1)-Lipschitz
with respect to the identity.
REAL ANALYTIC EXAMPLES
Our goal is providing examples of groups of real analytic diffeomorphisms of the plane
that have a global fixed point, any nilpotency class and generators arbitrarily close to the
identity map in theC1-topology. Indeed we find nilpotent Lie algebras of real analytic vec-
tor fields in S2 whose set of common singular points is the set {0 ,∞} for any nilpotency
class. Our examples are finitely generated subgroups of the image by the exponential map
of such Lie algebras. Notice that all the above examples are essentially one dimensional
and share the constraints of the one dimensional theory. For instance the previous section
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does not provide an example of a non-abelian nilpotent subgroup G of Diff2(R2) with a
global fixed point since such groups do not exist in dimension 1. We show that such two
dimensional examples exist for any nilpotency class and real analytic regularity.
We obtain other interesting results. It is well known that Lie algebras of real analytic
vector fields defined in surfaces are metabelian. It was not known if there are examples of
Lie algebras of real analytic vector fields in S2 of any nilpotency class. We prove that this
is the case and along the way we give examples of torsion-free nilpotent groups of real
analytic diffeomorphisms in the sphere for any nilpotency class.
We denote by Diffω(S) the group of real analytic diffeomorphisms defined in a real
analytic manifold S. Let Diffω+(S) be the subgroup of Diff
ω(S) of orientation-preserving
diffeomorphisms.
Let g be a Lie algebra. We denote g(0) = g and let g(j+1) be the Lie algebra generated
by
{
[f, g] ; f ∈ g and g ∈ g(j)
}
for j ≥ 0. We say that g is σ-step nilpotent if σ is the
first element in Z≥0 such that g(σ) = {0}. In that case we say that σ is the nilpotency
class of g. We say that g is nilpotent if it is σ-step nilpotent for some σ ∈ Z≥0 .
A Lie algebra g of real analytic vector fields in a surface is always metabelian, i.e. g(1)
is abelian. Moreover the nilpotent subgroups of Diffω(S2) are metabelian by a theorem
of Ghys [13]. In spite of this, the nilpotency class is not bounded. The dihedral group
D2σ = 〈 f, g ; f 2σ = 1 and g ◦ f ◦ g−1 = f−1〉
is a σ-step nilpotent group acting by Mobius transformations on the sphere. The subgroup
〈f〉 is an index 2 abelian normal subgroup of D2σ . An analogous property always holds
true for nilpotent groups of C1-diffeomorphisms that preserve both area and orientation.
Theorem B.1. (Franks-Handel [10]) Let G be a nilpotent subgroup of Diff1+(S2). Let
µ be a φ-invariant Borel probability measure for any φ ∈ G. Suppose that the support of
µ is the whole sphere. Then either G is abelian or it contains an index 2 normal abelian
subgroup.
In particular the above theorem implies that a torsion-free nilpotent subgroup of Diff1+(S2)
preserving a measure of total support is always abelian. We consider groups of real ana-
lytic diffeomorphisms instead of the area preserving hypothesis. We are replacing a rigid-
ity condition with another one and it is natural to ask if analyticity restricts the examples
of nilpotent groups as much as preservation of area. Indeed Ghys suggests in [13] that
the quotient G/Tor(G) is likely to be of nilpotency class less or equal than 2 for any
nilpotent subgroup G of Diffω(S2). We will show that this is not the case.
Theorem B.2. Given σ ∈ Z+ there exists a σ-step nilpotent torsion-free subgroup of
Diffω+(S2).
We also obtain :
Theorem B.3. Given σ ∈ Z+ there exist φ1, . . . , φσ+1 ∈ Diffω+(R2) sharing a common
fixed point and such that 〈φ1, . . . , φσ+1〉 is σ-step nilpotent. Moreover, we can choose the
generators φj arbitrarily and uniformly close to the identity in the C1-topology.
FIXED POINTS FOR NILPOTENT ACTIONS ON THE PLANE 25
A method to obtain nilpotent Lie algebras. Let us explain our method for the real plane.
We denote by R[x, y] the ring of real polynomials in two variables. Let α1 , β1 be quo-
tients of convenient elements of R[x, y] such that :
(1) dα1 ∧ dβ1 = Ddx ∧ dy where 1/D ∈ R[x, y] ;
(2) 1
D
dα1 and 1Ddβ1 are 1-forms with no poles in R
2.
Let us consider vector fields X1 and Y1 defined in R2 such that{
X1(α1) ≡ 0
Y1(α1) ≡ 1 and
{
X1(β1) ≡ 1
Y1(β1) ≡ 0 .
A straightforward calculation implies
X1 =
−∂α1
∂y
D
∂
∂x
+
∂α1
∂x
D
∂
∂y
and Y1 =
∂β1
∂y
D
∂
∂x
+
−∂β1
∂x
D
∂
∂y
.
Condition (2) implies that 1
D
dα1 is polynomial. Since 1Ddα1 is equal to
1
D
∂α1
∂x
dx +
1
D
∂α1
∂y
dy then X1 is a polynomial vector field. Analogously Y1 is a polynomial vector
field. Moreover α1 and β1 can be considered as variables outside of a proper real alge-
braic set. We obtain [X1, Y1] ≡ 0 since [X1, Y1](α1) ≡ [X1, Y1](β1) ≡ 0 by definition.
Therefore the real vector space 〈X1, α1X1, . . . , αl−11 X1, Y1〉R is a l-step nilpotent Lie
algebra of polynomial vector fields of R2 if αl−11 X has no poles.
Let us introduce the choice of α1 and β1 that is going to provide our examples. Con-
sider
(α1, β1, dα1 ∧ dβ1) =
(
1
(x2 + y2)k
,
y
x(x2 + y2)p
,−2k dx ∧ dy
x2(x2 + y2)k+p
)
with k, p ≥ 1 .
We obtain
X1 = x
2(x2 + y2)p−1
{
−y ∂
∂x
+ x
∂
∂y
}
and
Y1 = − 1
2k
(x2 + y2)k−1
{
x
(
x2 + (1− 2p)y2) ∂
∂x
+ y
(
(1 + 2p)x2 + y2
) ∂
∂y
}
.
We also have that (dα1)/D and (dβ1)/D has no poles. Moreover if p − 1 ≥ k(l − 1)
then the vector field αl−11 X1 has no poles.
In summary, 〈X1, α1X1, . . . , αl−11 X1, Y1〉R is a l-step nilpotent Lie algebra of polyno-
mial vector fields if p− 1 ≥ k(l − 1).
Examples of nilpotent groups on the sphere. Let us try to generalize the example to the
sphere. Unfortunately the vector fields X1 and Y1 do not extend to real analytic vector
fields of S2.
Let us study the dynamics of X1 and Y1. Since X1(α1) ≡ 0 the function x2 + y2
is a first integral of X1. The trajectories of X1 are contained in circles and Sing(X1) =
{x = 0}. On the other hand the trajectories of Y1 are transversal to the level curves of
x2 + y2 since Y1(α1) ≡ 1. This condition also implies that exp(tY1) sends {α1 = s} to
{α1 = s+ t} for s , t ∈ R.
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Consider an annulus
A = {z ∈ C ; R−1 < |z| < R} = {(x, y) ∈ R2 ; R−1 <
√
x2 + y2 < R}
for some R > 1. We define X2 = −(1/z)∗X1 and Y2 = −(1/z)∗Y1 ; both vector fields
are defined in S2−{|z| ≤ R−1}. We claim that there exists a real analytic diffeomorphism
φ : A→ A such that φ∗X1 = X2 and φ∗Y1 = Y2. More precisely φ conjugates the pair
of functions (α1, β1) with(
−α1 ◦ 1
z
+ κ ,−β1 ◦ 1
z
)
=
(
−(x2 + y2)k + κ , y(x
2 + y2)p
x
)
where κ = R2k+R−2k. The sets α1(A) and (−α1◦(1/z)+κ)(A) coincide by definition
of κ. The map (α1, β1) is not injective since (α1, β1)(x, y) = (α1, β1)(−x,−y). Anyway
a homeomorphism φ : A→ A is uniquely determined by the conditions(
−α1 ◦
(
1
z
)
+ κ
)
◦ φ ≡ α1 ; −β1 ◦
(
1
z
)
◦ φ ≡ β1 and φ{x > 0} ⊂ {x > 0}
Since α1 , β1 are coordinates in the neighborhood of any point in x 6= 0 then the map
φ : A− {x = 0} → A− {x = 0}
is a real analytic diffeomorphism. Analogously α1 and 1/β1 are real analytic coordinates
in the neighborhood of the points in the line x = 0. We deduce that φ : A → A is a real
analytic diffeomorphism.
Let S be the real analytic surface S obtained by pasting the charts U1 = {|z| < R}
and U2 = {|z| > R−1} by the diffeomorphism φ. The surface S is homeomorphic to
a sphere, so it is real analytically diffeomorphic to a sphere. Since φ∗X1 = X2 there
exists a unique real analytic vector field X in S2 such that X|U1 ≡ X1 and X|U2 ≡ X2.
Analogously we can define Y , α and β such that Y|U1 ≡ Y1 , Y|U2 ≡ Y2 , α|U1 ≡ α1 ,
α|U2 ≡ −α1 ◦ (1/z) + κ , β|U1 ≡ β1 and β|U2 ≡ −β1 ◦ (1/z). We obtain that
G : =〈X,αX, . . . , αl−1X, Y 〉R
is a l-step nilpotent Lie algebra of real analytic vector fields of the sphere. In particular G
is non-abelian if l > 1.
The vector field Y has two singularities corresponding to the origin of both local charts.
We can suppose Sing(Y ) = { 0 ,∞}. The common singular set of all vector fields of the
form P (α)X , where P is a polynomial of degree less than l, is a circle C. The equation
of C is x = 0 in both charts. Hence all vector fields in G are singular at both 0 and ∞.
We obtain that G is a Lie algebra of real analytic vector fields defined in both R2 and S2.
The Baker-Campbell-Hausdorff formula. Given a Lie algebra G as defined above the
set G = exp(G) of time 1 flows of elements of G is a subset of Diffω+(S2). In this
section we show that G is a nilpotent group of the same nilpotency class as G. This
is an application of Baker-Campbell-Hausdorff formula. The material in this section is
well-known, it is included for the sake of completeness.
Let G be a Lie group with Lie algebra g. The exponential exp(g) does not coincide in
general with the connected component of the identity but anyway it contains a neighbor-
hood of the identity element. Hence given elements exp(Z) and exp(W ) in G closed
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to the identity element we have that the element exp(Z)exp(W ) belongs to exp(g) and
log(exp(Z)exp(W )) is given by the following formula due to Dynkin:∑
n>0
(−1)n−1
n
∑
ri+si>0
1≤i≤n
(∑n
i=1(ri + si)
)−1
r1!s1! · · · rn!sn! [Z
r1W s1 . . . ZrnW sn ] (B.3.1)
where [Zr1W s1 . . . ZrnW sn ] is equal to
[Z, . . . [Z︸ ︷︷ ︸
r1
, . . . [W, . . . [W︸ ︷︷ ︸
s1
, . . . , [Z, [Z, . . . [Z︸ ︷︷ ︸
rn
, [W, [W, . . .W︸ ︷︷ ︸
sn
]] . . .]].
The Baker-Cambpell-Hausdorff theorem says that such a universal formula exists and that
log(exp(Z)exp(W )) − (Z + W ) is a bracket polynomial in Z and W . Moreover if G
is a simply connected nilpotent Lie group then the exponential map exp : g → G is
an analytic diffeomorphism (cf. [5][Theorem 1.2.1]). In such a case the sum defining
Equation (B.3.1) contains finitely many non-zero terms.
Let us explain how to apply these ideas to the study of the elements of the group
Diff(R2, 0) of real analytic germs of diffeomorphism defined in a neighborhood of (0 , 0).
Any element ϕ ∈ Diff(R2, 0) has a power series expansion of the form
ϕ(x, y) =
( ∑
j+k≥1
aj,k x
jyk,
∑
j+k≥1
bj,k x
jyk
)
where
∑
j+k≥1 aj,k x
jyk and
∑
j+k≥1 bj,k x
jyk are convergent power series with real co-
efficients and (a1,0 x + a0,1y , b1,0 x + b0,1y) is a linear isomorphism. In fact the previ-
ous conditions on
∑
j+k≥1 aj,k x
jyk and
∑
j+k≥1 bj,k x
jyk determine a unique element of
Diff(R2, 0) by the inverse function theorem. Let m be the maximal ideal of the local ring
R{x, y}. We define the order ν(ϕ) of contact with the identity as
ν(φ) = max
{
l ∈ N ;
∑
j+k≥1
aj,k x
jyk − x ∈ ml and
∑
j+k≥1
bj,k x
jyk − y ∈ ml
}
.
We define the group Diff1(R2, 0) = {ϕ ∈ Diff(R2, 0) ; ν(ϕ) ≥ 2} of tangent to the
identity elements. Consider the group jkDiff1(R2, 0) of k-jets of tangent to the identity
elements for k ∈ Z+. It is the subgroup of GL(m/mk+1,R) defined by the action by
composition of Diff1(R2, 0) in m/mk+1 where a map ϕ ∈ Diff1(R2, 0) induces a linear
map
m/mk+1 −→ m/mk+1
g + mk+1 7−→ g ◦ ϕ+ mk+1.
The group jkDiff1(R2, 0) is a contractible matrix algebraic Lie group composed of unipo-
tent elements for any k ∈ Z+. It is nilpotent since ν([ϕ, η]) > max{ν(ϕ), ν(η)} for all
ϕ, η ∈ Diff1(R2, 0). Thus we can apply Equation (B.3.1) in jkDiff1(R2, 0) and it extends
to Diff1(R2, 0) since Diff1(R2, 0) is the projective limit lim← jkDiff1(R2, 0). There is a
subtility in this construction since in general Formula (B.3.1) does not define a convergent
power series and it is then necessary to define the exponential of a formal vector field via
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Taylor’s formula
exp(Z) = (x ◦ exp(Z), y ◦ exp(Z)) =
(
x+
∞∑
j=1
Zj(x)
j!
, y +
∞∑
j=1
Zj(y)
j!
)
(B.3.2)
where Z is understood as an operator on functions and Zj is the jth iterate of Z. The
convergence of the Baker-Campbell-Hausdorff is not a problem in the following since in
all subsequent applications of Formula (B.3.1) the sum is finite.
Proof of Theorem B.2. Consider l = σ in the construction of G. We define G = exp(G).
It is a subset of Diffω+(S2) by compactness of S2. Since 0 ∈ Fix(G) and the vanishing
order of any vector field in G at (0 , 0) is higher than 2 then we can consider G as a
subset of {ϕ ∈ Diff1(R2, 0) ; ν(ϕ) ≥ 3} by Equation (B.3.2). The use of Equation
(B.3.1) implies that since G is a Lie algebra then G is a group. In particular G is
a subgroup of both Diff1(R2, 0) and the group of real analytic diffeomorphisms of the
sphere. The torsion-free nature of G is a consequence of the analogous property for
Diff1(R2, 0) (indeed ν(φ) = ν(φk) for all φ ∈ Diff1(R2, 0)− {Id} and k ∈ Z∗).
There are no non-trivial elements in G with arbitrarily high order of contact with the
identity; otherwise the analogous property is satisfied for G by Equation (B.3.2) and this is
impossible since G is finite dimensional. Therefore G can be interpreted as a subgroup of
jkDiff1(R2, 0) for some k ∈ Z+ big enough. There exists an equivalence of categories
between the finite dimensional nilpotent Lie algebras and the unipotent affine algebraic
groups over fields of characteristic 0 (cf. [6][IV, § 2, no 4, Corollaire 4.5]). Therefore the
group jkG induced by G in jkDiff1(R2, 0) is a connected affine algebraic group for any
k ∈ Z+. In this context the nilpotency class of the group and its Lie algebra coincide (cf.
[6][IV, § 4, no 1, Corollaire 1.6]). We deduce that G is a σ-step nilpotent group. 
Remark B.4. It is easy to show by hand that 〈X, . . . , αl−j−1X〉R is the Lie algebra of G(j)
for any 0 < j < l and G(l) = {Id}.
Proof of Theorem B.3. Consider l = σ in the construction of G. We define the group
J = 〈exp(tX), exp(tαX), . . . , exp(tασ−1X), exp(tY )〉
for some fixed t ∈ R∗ small. Analogously as in the proof of Theorem B.2 we can consider
that G and J are subgroups of jkDiff1(R2, 0) for some k ∈ Z+ big enough. Let H be
the smallest algebraic group in jkDiff1(R2, 0) containing J . The group H is a connected
unipotent algebraic group contained in G. The Lie algebra h of H coincides with G by
construction. As a consequence the groups G and H also coincide. The group J is
σ-step nilpotent since its algebraic closure is. We can obtain σ-step nilpotent subgroups of
Diffω+(R2, 0) sharing (0 , 0) as a fixed point and with generators arbitrarily and uniformly
close to the identity map by Proposition B.5 below. 
The next result completes the proof of Theorem B.3.
Proposition B.5. Let Z ∈ G. The diffeomorphism exp(tZ) converges to the identity map
in the strong C1-topology when t→ 0.
Proof. The result is obviously true for the C1-topology for diffeomorphisms of the sphere.
We will show that the result still holds true in Diff1(R2, 0).
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Let ηt = exp(tZ). The diffeomorphism ηt converges to the identity map in any com-
pact set of the plane. Let us study the properties of the one parameter flow ηt in the
neighborhood of ∞. Let z be a complex coordinate in the Riemann sphere. We consider
the coordinate w = 1/z in order to study the behavior of the diffeomorphisms in the
neighborhood of the point z = ∞. The vector field ∂/∂z is equal to −w2∂/∂w. We
obtain
∂
∂x
= −(xˆ2 − yˆ2) ∂
∂xˆ
− 2 xˆ yˆ ∂
∂yˆ
and
∂
∂y
= 2 xˆ yˆ
∂
∂xˆ
− (xˆ2 − yˆ2) ∂
∂yˆ
where z = x + iy and w = xˆ + iyˆ. The vanishing order of Z at ∞ is higher than 2.
The expression ηˆt = (1/z) ◦ η ◦ (1/w) of ηt satisfies
ηˆt(w) = w + t
∑
j+k≥3
cj,k(t) xˆ
j yˆk
in the coordenate w where cj,k is a polynomial with complex coefficients for j + k ≥ 3.
Since
ηt(z)− z = ηt
(
1
w
)
− 1
w
=
1
ηˆt(w)
− 1
w
=
1
w + tO(w3)
− 1
w
= O(tw)
then ηt converges to the identity map in the neighborhood of ∞ in the C0-topology. The
expression
∂
∂x
(ηt(z)− z) =
(
−(xˆ2 − yˆ2) ∂
∂xˆ
− 2xˆyˆ ∂
∂yˆ
)(
ηt
(
1
w
)
− 1
w
)
=(
−(xˆ2 − yˆ2) ∂
∂xˆ
− 2xˆyˆ ∂
∂yˆ
)(
1
ηˆt(w)
− 1
w
)
= O(tw2)
and the analogue for (∂/∂y)(ηt(z) − z) imply that exp(tZ) converges to Id in the
neighborhood of ∞ in the C1-topology when t→ 0. 
Remark B.6. It is easy to check out that limt→0 exp(tZ) = Id in the strong Ck-topology
for any k ∈ Z+.
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